Beamlet migration using local cosine basis has good image quality and computational efficiency. However, local cosine beamlets have always two symmetric lobes with respect to the vertical axis. This lack of uniquely defined direction-localization is inconvenient for many operations in local angle domain. We proposed a new decomposition scheme for wavefield using local harmonics. Beamlet migration using the local harmonic propagators has the same efficiency as LCB propagator but has direction localization built in the propagators. Preliminary tests for prestack depth migration using the synthetic data of the 2D SEG/EAGE salt model demonstrate the good imaging quality and the ability of direction localization.
Introduction
proposed a beamlet migration approach based on local reference velocity and local perturbation theory. Migration methods based on the theory have been developed using the Gabor-Daubechies frame (GDF) and the local cosine basis (LCB). The Gabor-Daubechies frame decomposition is complete but not orthogonal, and therefore has redundancy in the representation. The LCB decomposition, on the other hand, is orthogonal and fast algorithms of local cosine/sine transforms exist with order O(N) computation efficiency. The migration algorithms based on LCB beamlets have been tested using different data sets Wu, 2002, 2003; Wu et al., 2003; Luo and Wu, 2003; Wang et al., 2005) . In these methods, the wave fields are spatially localized with uniformly distributed windows, and directionally localized with local wavenumbers. Wavefield at each depth is propagated with beamlet propagators (sparse propagator matrices), followed by local perturbation corrections. These methods can provide good imaging results and similar computational efficiency compared to traditional wave equation based methods. However, local cosine beamlets have always two lobes in symmetry with respect to the vertical axis. This lack of uniquely defined direction-localization is inconvenient for many operations in local angle domain. Although the G-D frame migration method is computationally more expensive (4 times slower than the LCB method), on the other hand, it has the local angle information available during the migration process so that acquisition aperture correction (Wu et al., 2004) and other angle-related filtering can be easily incorporated into the migration process. In this work, we develop a beamlet propagator using local harmonic bases which are linear combinations of local cosine and sine bases. Beamlet migration using the local harmonic propagators has the same efficiency as LCB propagator but in the same time has direction localization built in the propagators.
Local cosine/sine bases and local harmonics
Local cosine/sine bases constructed by Coiffman and Meyer (1991) (see also Mallat, 1999) 
and 
One-way wave propagation using local harmonic propagators
In frequency-space (f-x) domain, the scalar wave equation can be written as, The wave field at depth z can be decomposed into beamlets with windows along the x-axis ( ) Here we decompose the real part and imaginary part using the LCB and LSB correspondingly in order to obtain the uniquely defined directivity, that becomes more apparent with the decomposition beamlets Substitute the decomposition of wavefield into the wave equation (4). Since the decomposition coefficients can be arbitrary, the beamlets must satisfy the wave equation
(5) The real and imaginary parts of the decomposition coefficients can also be arbitrary, so we require both beamlets 
Here we assume the wavefield ( , ) u x z is the one-way (down-going) wavefield under the energy-flux normalized decomposition so that we do not need to consider the amplitude factor during the propagation. When we need to go back to the pressure field representation for imaging/modeling, we can recover the correct amplitudes using amplitude correction factors. Exact calculation of the beamlet propagator is quite complicated in generally heterogeneous media. In the local perturbation approximation a local reference velocity 0 ( , )
n v x z is set for each window n x , and local perturbations are calculated from the local reference velocity. Due to the adaptability of local reference velocities to the lateral variation of velocity model, usually the local perturbations are small, so that the first order approximation, i.e. the phase-screen approximation can be adopted for the phase-correction in each window. Therefore the beamlet evolution equation (6) can be approximated by a dual-domain expression
where ( ) n x Φ is the phase-screen filter.
In the following we derive the wave propagator in the beamlet domain.
x will be complex after propagation. Therefore we use the LCB and LSB for the redecomposition of the real and imaginary parts respectively. After some algebraic derivation we obtain the expression of the four propagators the LH propagator matrices in the background media, which quantify the beamlet spreading into other beamlets due to propagation. The indexes of the background propagators inside the brackets: (cc), (cs), (sc), (ss) stand for the LC-LC, LC-LS, LS-LC, and LS-LS spreading, respectively. The wavefield and propagator matrix can be also decomposed directly into the right and left-propagating local harmonics. The procedure will be very similar.
The wave field at depth z+Δz can be reconstructed by summing up the contributions from all the beamlets at depth z:
where 
After propagation in the beamlet domain, the wavefield is partially reconstructed and the perturbation operator for the heterogeneities is applied to the wavefield in the mixed domain.
Let us discuss further the accuracy and efficiency of the background beamlet propagator. Because of the efficient representation of localized wavefields by beamlets, usually the background propagato When N x is large, the beamlet transform becomes much faster than the FFT. Since the propagator matrix is decomposed in the orthonormal bases, the propagation in beamlet domain of local harmonics will be η 2 faster than the frame decomposition with a redundancy factor of η for the 2D case.
Numerical tests of prestack imaging for SEG/EAGE 2D salt model
The space and direction localization of the local harmonic beamlets can be seen in Figure 1 for the SEG/EAGE salt model. For comparison, we plot the local cosine beam in Figure 1a . We see that a local cosine beamlet has two symmetric lobes in the beginning, while the local harmonics have uniquely defined directions (Figure 1b and  1c) . We see also that for short distance in smooth media, the beam spreading is small. However, in strongly heterogeneous media, the beam spreading can be severe and varies along the propagation path. Therefore, for rough media, the use of asymptotic propagation of beams is limited. Figure 2 demonstrates the idea of sparseness of the propagator matrix in different situations. A single beamlet is located at a cell of space-wavenumber plane (Figure 2a ). After propagating a short distance in a smooth medium (above the salt dome), the beam spreading is small (Figure  2b ), implying the sparseness of the propagator matrix. However, when passing through the salt dome, the beam spreading is strong (Figure 2c ) and the propagator matrix is no longer as sparse as in the smooth part of the medium. Finally the method is applied to the prestack imaging using the synthetic data for the model, and the results show good image quality similar to other beamlet migrations or other one-way wave equation methods. However, the advantage of the approach is the availability of the direction localization during the propagation which can be used for different corrections in the local angle domain, such as the acquisition aperture correction (Wu et al., 2004) and noise reduction. The applications in this direction will be reported in the future.
(a) (b) (c) Figure 2 . Spreading of beamlet coefficients due to propagation: top: The original single coefficient (x-axis: spatial window position; z-axis: local wavenumbers); middle: Coefficients after 10 steps propagation; bottom: Coefficients after passing through the salt.
Conclusions
We proposed a new decomposition scheme for wavefield using local harmonics. Beamlet migration using the local harmonic propagators has the same efficiency as LCB propagator but in the same time has direction localization built in the propagators. Preliminary tests for prestack depth migration using the synthetic data of the 2D SEG/EAGE model demonstrate the good imaging quality and the ability of direction localization.
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